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Abstract

Prostaglandin H synthase (PTGS or COX) enzymes catalyze rate-limiting steps in the synthesis of potent prostanoids, including various

prostaglandins, thromboxane, and prostacyclin. Mechanisms that have evolved for regulating prostanoid biosynthesis reflect a tension

between achieving a rapid but measured response to cellular signals while minimizing spurious activation by signal noise. We found

through mathematical modeling that the PTGS enzymes can be thought of as regulatory switches with approximately linear output above

an adjustable threshold. In vivo synthesis allows continuous production while signal remains above threshold. Different isoforms show

specific adaptions reflecting their physiological roles as constitutive or inducible enzymes. Mathematical modeling helps explain how

these adaptations enable the PTGS1 and PTGS2 enzymes to maintain their physiological roles while avoiding potentially damaging

consequences.
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1. Introduction

Prostaglandin H synthases (PTGS or COX, also known as

prostaglandin endoperoxide G/H synthase or PGHS) com-

bine two enzymatic activities, first a cyclooxygenase activity

that converts arachidonic acid (or similar polyunsaturated

fatty acids) to prostaglandin G2 (PGG2), a hydroperoxide

intermediate, then a peroxidase activity that reduces PGG2 to

form prostaglandin H2 (PGH2). These two activities are

linked to one another in an autocatalytic fashion: PTGS must

first catalyze a peroxidase reaction before it can catalyze a

cyclooxygenase reaction, and the product of the cyclooxy-

genasereactionservesassubstratefortheperoxidasereaction

[1]. Production of PGH2 is the rate-limiting step in the

production of numerous physiologically important prosta-

glandins, thromboxane, and prostacyclin. At least two dif-

ferent forms of PTGS exist, PTGS1 and PTGS2, which serve

different functions in the body and thus present different

regulatory challenges. These prostanoids mediate a number

of important functions, including development, inflamma-

tion, blood clotting, pain, and tumorigenesis, yet questions

remain about how these potent enzymes are regulated [2]. In

this report, we show through mathematical modeling that the

PTGSisozymescanbeviewedasregulatoryswitches: thereis

a critical substrate (arachidonic acid) concentration at which

PTGS activity becomes self-sustaining. Production of PGH2

is much greater above compared with below the switch point.

We first use a basic Michaelis–Menten-style model to derive

an expression for the switch point. We then demonstrate that

existing detailed models of PTGS kinetics [3,4] exhibit the

same qualitative behavior as the basic model, show that the

different isozymes of PTGS have different switch points

appropriate to their biological functions, and examine ways

to further tune PTGS activity by varying the glutathione

peroxidase (GSP) concentration and PTGS synthesis rates.
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PTGS1 is constitutively expressed at stable levels in

mammalian tissue, with an abundance of enzyme in a latent

form, allowing synthesis of prostanoids within several

minutes of stimulation for ‘housekeeping’ functions such

as the regulation of homeostasis and protection of the

gastric mucosa [2,5]. The inducible PTGS2 enzyme is

generally absent or expressed at low levels under normal

physiological conditions. Cytokines and mitogens rapidly

induce PTGS2 mRNA transcription leading to high levels

of protein expression, prolonging and enhancing inflam-

mation and pain [6]. PTGS2 may suppress apoptosis, and

its expression is often elevated in colon and other cancers

[7,8].

The different PTGS isozymes utilize common sub-

strates, incorporate similar coupled cyclooxygenase and

peroxidase catalytic mechanisms, and produce identical

PGG2 hydroperoxide intermediate and PGH2 product

[2,9]. Regulation of PGH2 production by PTGS enzymes

depends on the substrate concentration, e.g. arachidonic

acid or similar polyunsaturated fatty acids, and also on the

availability of peroxide, including the hydroperoxide inter-

mediate, PGG2 [10]. Arachidonic acid levels are influenced

by stimulus-induced action of phospholipase A2 enzymes

[9,11] that liberate arachidonic acid from membrane gly-

cerophospholipids. Arachidonic acid also diffuses quite

freely between compartments and across cell membranes

[9,11]. Phospholipase A2 activity can thus rapidly com-

pensate for arachidonic acid consumption by PTGS, and

we therefore expect the arachidonic acid concentration to

change relatively slowly. In vivo peroxide levels reflect

input from various sources, scavenging by efficient

enzymes such as the glutathione peroxidases [12,13], along

with production and consumption of PGG2 by PTGS

enzymes through their cyclooxygenase and peroxidase

catalytic activities, respectively.

The regulatory challenge regarding the constitutively

expressed PTGS1 is to avoid unwanted prostaglandin

production and depletion of enzyme while substrate (ara-

chidonic acid) is present at low concentrations in vivo. This

is in contrast with the inducible PTGS2, for which a rapid

response to stimuli is desired. Prostaglandin production

can continue for hours or days in association with inflam-

mation or pain, whereas PGH2 synthesis in the laboratory

ceases within minutes due to enzyme inactivation [14,15].

We consider all of these regulatory questions in connection

with the ‘switch’ exhibited by both the basic and detailed

kinetic models of PTGS that are discussed in the following

sections.

2. Materials and methods

2.1. Basic model

We begin by presenting a simple extension of the

Michaelis–Menten scheme to an autocatalytic enzyme

such as PTGS, as shown in Fig. 1. In the Michaelis–Menten

scheme, enzyme binds reversibly to substrate to form an

enzyme–substrate complex. This enzyme–substrate com-

plex, also called a Michaelis complex, is then converted to

product. Free enzyme is also liberated in this last step. For

extending the Michaelis–Menten scheme to PTGS, we

define the variables as shown in Table 1.

The reaction scheme is:

E þ P ,
ka;kb

C!kc
E� þ P0 (1)

E� þ S ,
kd;ke

C�!kf
E� þ P (2)

E�!
kg

E (3)

E�!kh
Einact (4)

The peroxidase and cyclooxygenase activities of PTGS

are given by Michaelis–Menten-like reactions (1)–(2),

modified to reflect the autocatalytic activity of PTGS.

Reaction (3) allows for PTGS to go from the cyclooxy-

genase state to the peroxidase state. Reaction (4) incorpo-

rates enzyme inactivation, also called suicide inactivation

Fig. 1. Basic model. To start the reaction, a small amount of intermediate product P must be introduced. When viewed as a simplified representation for

PTGS enzyme activity, P represents PGG2 hydroperoxide that interacts reversibly with latent PTGS enzyme E through its peroxidase activity to form

complex C. C can decay to form activated enzyme (E�) and final product (P0) representing PGH2. E� can decay to latent enzyme E or become inactivated.

Substrate S (arachidonic acid) interacts reversibly with activated enzyme E�, adding two oxygen atoms through its cyclooxygenase activity to form activated

complex C�. C decays to intermediate product and P (PGG2) and E�. The peroxidase and cyclooxygenase loops are decoupled, with cyclooxygenase

producing PGG2 (P) and peroxidase using it up to produce PGH2 (P0).
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[15]. Analogously to the original Michaelis–Menten

scheme, define

Km ¼ kb þ kc

ka

; K̂m ¼ ke þ kf

kd

:

Km can be thought of as the Michaelis constant for the

peroxidase reaction, and K̂m the Michaelis constant for the

cyclooxygenase reaction.

The corresponding system of ODEs for the basic auto-

catalytic model is:

dE

dt
¼ kbC þ kgE� � kaEP (5)

dE�

dt
¼ kcC þ ðke þ kfÞC� � E�ðkdS þ kg þ khÞ (6)

dC

dt
¼ kaEP � ðkb þ kcÞC (7)

dC�

dt
¼ kdE�S � ðke þ kfÞC� (8)

dP

dt
¼ kfC

� þ kbC � kaEP (9)

dP0

dt
¼ kcC (10)

dS

dt
¼ keC� � kdðE�SÞ (11)

2.2. Numerics for the basic model

Simulations were done to assess the global behavior of

the basic auto-catalytic model by systematically generating

random parameter values, numerically solving the ODEs,

and examining the behavior. Parameter values were

selected from a uniform distribution on [0, ap], where ap

varies for different parameters. To determine the value of

ap, we first note that we are considering ODEs of the form:

_xi ¼
X

j;r

kjxrj
þ
X
l;s;t

klxsl
xtl

The first sum includes unimolecular reactions, and the

second term gives bimolecular reactions. On physical

grounds, there should be some upper bound D such that
_xij j < D. If we thus select parameter values so that each

term on the right hand side of the _xi equation is less than D,

we will ensure that all physically feasible parameter values

are included in our sampling regime.

Consider a typical bimolecular term kaEP. Let Em, Pm be

the maximum concentrations of enzyme and peroxide that

are physiologically possible. To ensure that kaEP <D, it

suffices to choose ka < D=ðEmPmÞ. So aka
¼ D=EmPm in

our uniform distribution.

The numerical value of a depends upon the units in

which we measure concentration and time. We choose to

measure concentration in units of Em. As a rough

guess from in vitro experiments, we estimate that

ðPm=EmÞ; ðSm=EmÞ; ðIm=EmÞ ¼ 104. Finally, note that we

can then choose time units so that D has any numerical

value we wish. The majority of our simulations were done

with D ¼ 104.

The simulations were done in Matlab using the stiff

solvers ode15s and ode23s. The relative tolerance was set

to 10�8, and the absolute tolerance was 10�12.

2.3. Branched chain model

Two different types of models of PTGS kinetics have

been proposed, the branched chain [3,4,16,17] and tightly

coupled mechanisms [3,18]. We used the branched chain

models here because the quantitative and qualitative pre-

dictions of the branched chain mechanism are largely

consistent [3] with the observed characteristics of the

PTGS reaction with arachidonic acid, but the observed

characteristics are inconsistent with some predictions of

the tightly coupled mechanism [3]. Several variations of

the branched chain mechanism have been proposed

[1,3,4,17–24], differing primarily by including two

[17,24], one [22] or no [4,19] intermediates in the cycloox-

ygenase loop, and by addition of enzyme intermediates to

allow continued peroxidase activity at the heme site after

formation of the tyrosyl radical in the cyclooxygenase site

[4,19]. In the case of two intermediates in the cycloox-

ygenase loop, two O2’s have been proposed to be added to

generate the second intermediate [17,23,24], or one O2

added before and one after formation of the second inter-

mediate [3], as illustrated in Fig. 2.

For the simulations reported here, we used Scheme 1 of

Lu et al. [4], with the addition of a source term for the

enzyme and GSP scavenging. We used rates from Lu et al.

[4] appropriate to the Scheme 1 model for PTGS1 and

PTGS2 determined through stopped flow spectrophoto-

metric measurements of intermediate lifetimes at 4 8C,

using several hydroperoxides as substrates. The state vari-

ables and parameters we used are shown in Table 2. We

assumed a range of constant arachidonic acid concentra-

tions and different ratios of GSP scavenging to total PTGS

enzyme to approximate a range of intracellular conditions.

We compared these results against two other branched

Table 1

Basic model parameters

E Enzyme with peroxidase activity

C Michaelis complex for peroxidase reaction

S Arachidonic acid (substrate)

P0 PGH2

E� Enzyme with cyclooxygenase activity

C� Michaelis complex for cyclooxygenase reaction

P PGG2

Einact Inert (suicide-inactivated) enzyme

ka, kb, kc Reaction rates for peroxidase reaction

kd, ke, kf Reaction rates for cyclooxygenase reaction

kg Transition rate from cyclooxygenase to peroxidase state

kh Suicide inactivation rate
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chain models by running simulations using (the more com-

plicated) Scheme 2 of Lu et al. [4], and Scheme 1 from Wei

et al. [3] (using the rate constants appropriate for PTGS1 in

that manuscript). We found good agreement in the switch-

ing behavior of the three different schemes we tested.

The system of ODEs is:

dEðtÞ
dt

¼ �k1EðtÞPðtÞ þ k4AHðtÞE00ðtÞ þ EsourceðtÞ;

dE0ðtÞ
dt

¼ k1PðtÞEðtÞ � k3AHðtÞE0ðtÞ � k2E0ðtÞ;

dE00ðtÞ
dt

¼ k3AHðtÞE0ðtÞ � k4AHðtÞE00ðtÞ þ k6AHðtÞE�ðtÞ;

dE�ðtÞ
dt

¼ �k6AHðtÞE�ðtÞ � k7E�ðtÞ þ k2E0ðtÞ;

dEinactðtÞ
dt

¼ k7E�ðtÞ; dAAðtÞ
dt

¼ 0;

dPðtÞ
dt

¼ k5E�ðtÞ
1 þ KmAA=AAðtÞ

� �
� k1PðtÞEðtÞ

� RGCK5ðEtotalÞ
1 þ KmGSP=PðtÞ

� �
;

dP0ðtÞ
dt

¼ k1PðtÞEðtÞ

þ RGCK5ðEtotalÞ
1 þ KmGSP=PðtÞ ;

dAHðtÞ
dt

¼ �k3AHðtÞE0ðtÞ � k4AHðtÞE00ðtÞ � k6AHðtÞE�ðtÞ:
(12)

RGC determined the ratio of GSP to total PTGS enzyme.

Simulations were done using Matlab and Mathematica.

3. Results

Our main result is that there exists a threshold arachi-

donic acid concentration at which the PTGS reaction

became self-sustaining. This ‘switch point’ was found in

both the basic model, and in the branched chain model. We

first carried out a local stability analysis in the basic model

to derive an expression for the switch point. The switch

point also appeared under the quasi-steady-state approx-

imation (QSSA), which is typically made in these types of

models. We then examined the global behavior of the basic

model through numerical simulations, and observed the

qualitatively different behaviors above and below the

switch point. Finally, we found through numerical simula-

tions that the branched chain models also exhibit this

switching behavior, and examined how this switch point

varied between the different PTGS isozymes and under

different physiological conditions.

3.1. Basic model results

3.1.1. Local stability

We examined the local stability of fixed points of the

basic model for PTGS under the assumptions that suicide

inactivation is absent (kh ¼ 0) and arachidonic acid con-

centration S is held constant. In the section on the global

behavior of the system, we discuss the behavior when these

assumptions are relaxed.

We ordered the variables in system (5)–(11) as (E, E�, C,

C�, P, P0, S). Fixed points occur either when peroxide is

absent (E, 0, 0, 0, 0, P0, S), or when enzyme is absent (0, 0,

0, 0, P, P0, S). Let E0 ¼ Eð0Þ þ E�ð0Þ þ Cð0Þ þ C�ð0Þ,
where the notation reflects that E0 ¼ Eð0Þ is the initial

condition of greatest interest. Under the assumption

kh ¼ 0, we have the conservation law E0 ¼ EðtÞþ
E�ðtÞ þ CðtÞ þ C�ðtÞ for all times t. We eliminated E from

the system by setting E ¼ E0 � E� � C � C�. Note that P0

does not appear on the right hand sides of the equations for

any of the variables, and thus plays no role in determining

Fig. 2. Branched-chain PTGS model. This figure is adapted from Lu et al. [4], Tsai et al. [22], and Wei et al. [3], with addition of an enzyme source term and

a pathway for scavenging of peroxide by glutathione peroxidase (GSP). This reaction scheme is similar to the basic model shown in Fig.1, but differs by

including an intermediate (Fe(IV), Compound II) in the peroxidase loop, and intermediates C�
A and C�

B in the cyclooxygenase loop. Although the aggregate

rate of the cyclooxygenase cycle can be estimated from measurements of the specific activity [4], individual rate constants k5, k5A, and k5B are currently

unavailable. Thus we modeled several variations of the reaction scheme. The results we present are based on a single rate to represent the rate-limiting step in

the cyclooxygenase reaction using published rates appropriate for PTGS1 and PTGS2 [4]. We compared this to reaction schemes with insertion of two

intermediates C�
A and C�

B using limiting values of estimates for k5A and k5B from Wei et al. [3]. Inclusion of one or both intermediates made no observable

difference in the kinetics, with all systems showing nearly identical switching behavior depending on arachidonic acid and GSP concentrations, and the

enzyme synthesis rate.
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the stability of the fixed points. Ignoring the P0 dynamics

and treating S as a fixed parameter leaves a four dimen-

sional vector field with variables (E�, C, C�, P).

The fixed points are of the form (0, 0, 0, P), with P > 0

possible only when E0 ¼ 0. The conservation law implies

that fixed points having P > 0 are destroyed by perturba-

tions to E0 > 0. We thus need only determine the stability

of (0, 0, 0, 0).

The characteristic polynomial of the Jacobian at 0 is

given by

pðlÞ ¼ l4 þ a1l
3 þ a2l

2 þ a3lþ a4;

where

a1 ¼ kaE0 þ kb þ kc þ kdS þ ke þ kf þ kg;

a2 ¼ kdSðkb þ kaE0 þ kcÞ þ kaE0ðkc þ ke þ kf þ kgÞ
þ ðke þ kf þ kgÞðkb þ kcÞ þ kgðke þ kfÞ;

a3 ¼ kfkgðkaE0 þ kb þ kcÞkaE0ðkeðkc þ kgÞ
þ kcðkdS þ kf þ kgÞÞ þ kekgðkb þ kcÞ;

a4 ¼ kaE0kcððke þ kfÞkg � kdkfSÞ:
By the Routh–Hurwitz criterion, all roots of p have nega-

tive real part if and only if (i) a1; a3; a4 > 0, and (ii)

a1a2a3 > a2
3 þ a2

1a4 [25]. As E0 >¼ 0 and all the rate

constants ki are positive, we have a1, a3 > 0. Similarly,

direct computation gives that a1a2a3 � a2
3 � a2

1a4 is com-

prised only of sums of positive quantities. Thus the con-

dition a1a2a3 > a2
3 þ a2

1a4 is always satisfied, and the

stability of 0 is governed solely by the sign of a4. From

the expression for a4, we have

a4 > 0 , kfS

kgK̂m

� 1 < 0:

Define

s ¼ kfS

kgK̂m

� 1: (13)

The stability at 0 is thus determined by s, with s < 0

corresponding to a stable fixed point and s > 0 corre-

sponding to instability. Phrased in terms of the arachidonic

acid concentration S, we have a threshold value

Sthresh ¼ ðK̂mkg=kfÞat which the stability of the fixed point

changes. This threshold value thus defines a switch point at

which the PTGS activity changes qualitatively. Note that

the switch point is independent of the rate constants

associated with the peroxidase activity of PTGS.

3.1.2. Quasi-steady-state assumption

In the classical Michaelis–Menten scheme, a quasi-

steady-state assumption (QSSA) is typically made, where

the enzyme–substrate complex evolves on a fast time scale

and substrate evolves on a slow time scale. The physical

intuition behind the QSSA is discussed in biochemistry

textbooks (e.g. [26]), and has been examined from a more

mathematical viewpoint by Segel and Slemrod [27].

Table 2

Branched chain model parameters and reaction rates for PTGS1 and PTGS2

Parameters Alternate names, reaction steps PTGS1 initial values PTGS2 initial values Units

E Fe(III), resting enzyme 0.01 0.01 mM

E0 Fe(IV)PP�, intermediate I 0 0 mM

E00 Fe(IV), compound II 0 0 mM

P0 PGH2, ROH 0 0 mM

S Arachidonic acid, AA 0–100z 0–100z mM

E� Fe(IV)Tyr�, intermediate II 0 0 mM

C�
A
z Fe(IV)AA� 0 0 mM

C�
B
z FeðIVÞAAO

�
2 0 0 mM

P PGG2, ROOH 0.001 0.001 mM

e� AH, reducing cosubstrate 100 100 mM

Einact Inactivated enzyme 0 0 mM

k1 E þ P ! E0 þ P0 100 100 (mM)�1 s�1

k2 E0 ! E� 350 2000 s�1

k3 E0 þ AH ! E00 þ AH� 0.4 0.4 (mM)�1 s�1

k4 E00 þ AH ! E þ AH� 0.4 0.4 (mM)�1 s�1

k5
y C�

A þ S ! C�
A 1 1 (mM)�1 s�1

k5A
y C�

A þ O2 ! C�
B 
5.0 
5.0 (mM)�1 s�1

k5B
y C�

B þ O2 ! C�P 
5.0 
5.0 (mM)�1 s�1

k5
z E� þ S ! E� þ P 60 60 s�1

kmAA
z Km value for S (AA) 3 3 M

k6 E� þ AH ! E0 0 þ AH� 0.004 0.00025 (mM)�1 s�1

k7 E� ! Einact 0.06 0.06 s�1

RGC Ratio of GSP to enzyme 0–600 0–600

kmGSP Km value for GSP 1.5 1.5 M

Parameters for Scheme 1 of Wei et al. [3] (including two intermediates in the cyclooxygenase loop) are indicated by the symbol y; and model parameters and

reaction steps based on Scheme 1 of Lu et al. [4] are shown by yy. The remaining parameters are common to all the branched chain models we tested. The

arachidonic acid (S) concentration z was assumed to be held constant at different levels for each simulation, with RGC determining the ratio of GSP to total

PTGS enzyme.
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Consider the case where suicide inactivation is absent.

Assume that E, E�, C, C� are the fast variables and P, P0, S

the slow variables. The QSSA consists of assuming that the

right hand sides of the fast equations are equal to zero. We

can then solve for the fast variables in terms of the slow

variables. This solution set is called the critical manifold.

When the separation of time scales is large, the flow of the

slow variables on the critical manifold will in general be a

good approximation to the flow of the actual system.

The initial condition of greatest interest is of the form

(E0, 0, 0, 0, P0, 0, S0). In the absence of suicide inactivation,

EðtÞ þ E�ðtÞ þ CðtÞ þ C�ðtÞ ¼ E0 for all t. Thus we can

eliminate the variable E from consideration. Solving for the

critical manifold, we obtained:

E� ¼ kc

kg

C; (14)

C� ¼ kcS

kgK̂m

C; (15)

E ¼ E0 � C
kc

kg

1 þ S

K̂m

� �
þ 1

� �
; (16)

C ¼ E0P

ðPðkc=kgÞð1 þ ðS=K̂mÞÞ þ 1Þ þ Km

; (17)

If we then look at dP=dt on the critical manifold, we

have

dP

dt
¼ kcE0Ps

Pððkc=kgÞð1 þ ðS=K̂mÞ þ 1ÞÞ þ Km

; (18)

where s as defined in (13). Thus the sign of s is the same as

the sign of dP/dt on the critical manifold. This finding gives

insight into the cause of the change in stability when s ¼ 0.

Eq. (18) hints that the switch point occurs when P is

produced faster than it is consumed, thus allowing the

reaction to become self-sustaining. This intuition is sup-

ported by the numerical simulations described in the next

section.

3.1.3. Global behavior

Extensive numerical simulations illustrate the global

behavior associated with the switch point. Below the

switch point (S < ðK̂mkg=kfÞ, corresponding to s < 0),

peroxide P is consumed faster than it is produced and

the reaction comes to a halt. Above the switch point

S > ðK̂mkg=kfÞ, corresponding to s > 0), peroxide is pro-

duced faster than it is consumed, and the reaction continues

indefinitely when S is held constant and suicide inactiva-

tion is absent.

3.1.4. Constant S and suicide inactivation absent

For the case where S is held constant and suicide

inactivation is absent, we performed 106 simulations each

for S > ðK̂mkg=kfÞ and S < ðK̂mkg=kfÞ using randomly

generated parameter values selected from uniform distri-

butions [0, ap]. The value of ap was chosen appropriately

for different parameters based on the type of interaction

(uni-molecular or bi-molecular) and plausible ranges for

solubility ratios (details in Section 2).

In each simulation, we found that S > ðK̂mkg=kfÞ cor-

responds to unbounded production of peroxide and PGH2,

while S < ðK̂mkg=kfÞ corresponds to an eventual halting of

the reaction. Fig. 3a and b compare two different trajec-

tories of system (5)–(11), one with S > ðK̂mkg=kfÞ and the

other with S < ðK̂mkg=kfÞ. Note that in the S > ðK̂mkg=kfÞ
case, dP=dt and dP0=dt eventually appear nearly constant

and growth of P and P0 is approximately linear with time.

250,000 simulations with S ¼ ðK̂mkg=kfÞ illustrate that the

switch point corresponds to a change in sign of net

production of peroxide P: for each simulation with S

exactly equal to the threshold value, production and con-

sumption of peroxide eventually became exactly balanced

and peroxide concentration approached a constant (posi-

tive) value.

3.1.5. Synthesis and inactivation of enzyme

Simulations indicated that a switch point persists when

suicide inactivation and synthesis of enzyme are both

present (i.e. k8 > 0, Esource > 0). The numerical value of

S corresponding to the switch point generally differs from

the k8 ¼ 0, Esource ¼ 0 case.

3.1.6. Behavior when S is allowed to vary

The behavior above and below the switch point when S

was assumed constant provided a qualitative indication of

the behavior when this assumption was relaxed. While S

was greater than the threshold value K̂mkg=kf , we found

that generally P was produced faster than it was consumed.

When S fell below this threshold value, P was consumed

faster than it was produced, and PTGS activity eventually

halted.

3.2. Branched chain model results

We tested several branched-chain reaction mechanisms

for PTGS1 and PTGS2 (Schemes 1 and 2 of Lu et al. [4],

and scheme I of Wei et al. [3]) with similar topologies to

that of the basic model (compare Figs. 1 and 2), differing

only by the presence or absence of short-lived intermedi-

ates. Fig. 4 shows our results for the branched chain model

based on Scheme 1 of Lu et al. [4], with switching for

PTGS1 and PTGS2 that depends both on arachidonic acid

concentration and on the level of scavenging by GSP. The

results were consistent across all schemes we tested. Thus

we found that these larger, branched chain networks for

PTGS enzymes also have the switching property found in

the basic model. Indeed, we expect this switching behavior

to be manifest by any reaction that is well modeled by the

extended Michaelis–Menten reaction scheme for an auto-

catalytic enzyme, as defined by the basic model reactions

(5)–(11).
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Fig. 3. Basic model enzyme kinetics system (5)–(10), with arachidonic acid concentration S held constant) below and above threshold. Column (a) depicts a

typical trajectory for s < 0, and column (b) a trajectory for s > 0. Note the different time scale in the first row of plots compared with in the lower two rows.

Parameter values are the same for (a) and (b), but the arachidonic acid concentration S in (a) is half that in (b). As seen in (a), when s < 0 peroxide P is

consumed faster than it is produced. The reaction comes to a halt when peroxide is completely consumed. (b) The reaction is sustained indefinitely, with

production of P and P0 becoming nearly linear in this case. As P increases, E decreases to maintain an approximately constant production rate of P. (The units

are arbitrary.)
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In each of the branched-chain models, there was both

production and consumption of the essential intermediate

PGG2, giving rise to a threshold switch. The reaction

stopped if PGG2 was depleted. The threshold for switching

was determined by the amounts of arachidonic acid and

glutathione peroxidase (GSP) that influenced the balance

between production and consumption of PGG2. Increasing

the amount of arachidonic acid increased the rate of PGG2

synthesis. Increasing the amount of GSP increased the rate

of PGG2 depletion, raising the threshold for switching.

This behavior is shown in Fig. 4 using the Scheme 1

branched chain model of Lu et al. [4], with the addition of a

source term for enzyme and scavenging of peroxide by

GSP, as defined in Eq. (12). Fig. 4a and b shows the

cumulative production of PGH2 as a function of time by

PTGS1 and PTGS2, respectively, for a GSP:PTGS ratio of

30:1. Fig 4d and e are similar, except for a GSP:PTGS ratio

of 60:1. PTGS1 switched at a higher arachidonic acid

concentration than PTGS2. Both switch points increased

as the GSP:PTGS ratio increased. Fig. 4c and f shows the

total amount of PGH2 produced at the end of 150 s by

PTGS1 and PTGS2 as a function of the arachidonic acid

concentration with GSP:PTGS ratios of 30:1 and 60:1,

respectively. We found that the cumulative PGH2 produc-

tion is approximately a linear function of the arachidonic

acid concentration above the switching threshold.

In Fig. 4 (with Esource set to zero) suicide inactivation

essentially halted all of the reactions within 150 seconds.

Fig. 4. Switching behavior for the branched chain PTGS1 and PTGS2 models. These simulations are based on Scheme 1 of Lu et al. [4]. The switching

threshold depends both on the arachidonic acid and GSP concentrations. The plots show the cumulative production of PGH2 based on the branched-chain

model using parameters measured for PTGS1 and PTGS2 in the presence of different amounts of GSP peroxide scavenger. The series of lines in each figure,

labeled a1–j1 for PTGS1 or a2–j2 for PTGS2, represent constant arachidonic acid concentrations ranging from 0.1 to 1.0 mM (in increments of 0.1 mM),

respectively. (a) With 30 times as much GSP as enzyme, PTGS1 switches from minimal PGH2 production for arachidonic acid levels below about 0.35 mM

concentration, to nearly linear growth in PGH2 production above this threshold. (b) PTGS2 switches at around 0.05 mM arachidonic acid concentration. (c)

Cumulative production of PGH2 at 150 s from (a–b) shows a higher switching threshold for PTGS1 than for PTGS2. PTGS1 and PTGS2 switch at higher

levels with higher relative concentrations of GSP. (d–f) Switching of PTGS1 and PTGS2 with 60 times as much GSP as enzyme. The switching threshold for

PTGS1 is increased to around 0.8 mM arachidonic acid, and the switching threshold for PTGS2 is increased to about 0.1 mM arachidonic acid.
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When Esource was set greater than zero for an extended time

interval, we found that PGH2 production continued indefi-

nitely while Esource remained above zero and the GSP and

arachidonic acid concentrations were maintained such that

the switch was on (not shown). This is consistent with the

known behavior of the PTGS-mediated inflammatory

response that can persist in vivo for hours or days. We

found that the rate of steady-state PGH2 production

increased under each of the following conditions: the rate

of enzyme synthesis was increased (modeled by using a

higher value of Esource), the arachidonic acid level was

increased further above the switching threshold, or the

GSP:PTGS ratio was decreased to lower the switching

threshold. (In the absence of GSP, the threshold remained

above zero, while continuing to differ significantly

between PTGS1 and PTGS2.)

The primary new result of the modeling reported here is

that both the PTGS1 and PTGS2 enzymes behave as

threshold switches, with thresholds that depend on intra-

cellular conditions (arachidonic acid and GSP concentra-

tions, as well as on enzyme synthesis) and on kinetic rates

that differ between PTGS1 and PTGS2. The differences

between PTGS1 and PTGS2 enzymes appear to show

adaption to their respective roles as potent constitutively

expressed or inducible enzymes. The kinetic rates appro-

priate for PTGS1 and PTGS2 using Scheme 1 of Lu et al.

[4] (that served as a basis for the modeling reported here)

were determined by Lu et al. [4] through stopped flow

spectrophotometry at 4 8C, using several hydroperoxides

as substrates. They reported that the k2 and k6 rate constants

appear to differ between PTGS1 and PTGS2, leading to a

faster rate of formation of Intermediate II in PTGS2. This is

consistent with the difference in switching levels we found,

and with their explanation of how the PTGS2 cyclooxy-

genase activity is activated at 10-fold lower hydroperoxide

levels than required for PTGS1. They point out the poten-

tial importance of this difference in the rate of Intermediate

II formation in the context of the cellular environment, and

the need for combined modeling of PTGS and the GSP

scavengers to represent in vivo conditions. Although, they

did not identify the general switching behavior we found,

our modeling reproduced the results they present. The

switching behavior is most readily seen by holding the

arachidonic acid concentration fixed at different levels. We

did this to approximate intracellular conditions where the

arachidonic acid concentration may change slowly due to

its quite free diffusion between compartments and across

cell membranes. The simulations of Lu et al. [4] did not

assume constant arachidonic acid concentrations.

4. Discussion

Control of inherently potent agents requires an adaptable

threshold for activation, a quick response proportional to

the demands of the situation, and eventual inactivation of

the agents. These properties are embodied in a simple auto-

catalytic model with threshold switching behavior that we

propose (Fig. 1), where the threshold depends on model

parameters and substrate concentration. The switch is

quasi-linear. When substrate concentration is above thresh-

old, output is roughly proportional to the difference

between substrate concentration and threshold; output is

switched off after substrate concentration drops below

threshold. The threshold switching properties of this sim-

ple model have been shown to extend to a class of

regulatory networks formed by insertion of short-lived

intermediates at various points in the simple autocatalytic

model. (The extension to a class of networks assumes that

the extended models in this class are well represented by

the extended Michaelis–Menten reaction scheme of the

basic model.) Specific instances of this class of switches

are seen in previously developed branched-chain reaction

schemes for the interaction between peroxidase and

cyclooxygenase activities of the PTGS1 and PTGS2

enzymes [4,10,19]. Slight differences in parameters affect-

ing the tuning of the threshold for different isoforms appear

to explain their adaption to different physiological roles as

constitutive or inducible enzymes.

Regulation of PTGS1 by the network allows enzymatic

control of the production of PGH2, the precursor for a

number of potent prostanoids, with arachidonic acid con-

centration and availability of peroxide acting as regulatory

signals. Regulatory features for PTGS1 consistent with

performing housekeeping functions are: (1) Abundant

latent enzyme that may be immediately activated by an

increased arachidonic acid signal to allow consistent

response over a wide range of arachidonic acid concentra-

tions [11]. (2) Branched chain amplification for quick

response to triggering signals [3]. (3) Enzyme latency or

minimal response for signal below some noise threshold.

(This is especially important with branched chain ampli-

fication to avoid improper response and depletion of

enzyme stores). (4) Adjustable threshold adaptable to

cellular conditions. (5) Response in a physiologically

useful range roughly proportional to signal intensity above

threshold. (6) Eventual inactivation of activated enzyme to

bring the response to an end [12,14,15]. Features (3) and

(4) are identified with the threshold switching behavior

shown for the first time in this paper. All of the features are

embodied in the branched chain PTGS model shown in

Fig. 2, based on mathematical modeling of Eq. (12) using

the parameters for PTGS1 in Table 2.

Most of the features identified for PTGS1 are also useful

for regulation of PTGS2. However, when induced, the low

switching threshold for PTGS2, allowing PTGS2 to pro-

duce prostaglandins even at sub-micro-molar arachidonic

acid concentrations, contributes to maximizing the effect

of the induction signal(s). Comparison of the switching

behavior of PTGS1 and PTGS2 is shown in Fig. 4. In the

absence of induction, PTGS2 is not present, so there is no

need for a high arachidonic acid threshold to avoid PGH2
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production by arachidonic acid noise. Thus the properties

of PTGS2 may reflect selection for proportional response

to a broader range of arachidonic acid concentrations,

arising through modifications to PTGS2 rate parameters

that lower the threshold for switching.

In conclusion, the biochemical models for PTGS1 and

PTGS2 are examples of a class of networks that switch on

when the substrate concentration exceeds an adaptable

threshold. Production of product is approximately propor-

tional to the difference between substrate concentration

and threshold. This switching behavior differs significantly

between PTGS1 and PTGS2, with the higher threshold for

PTGS1 consistent with the requirements for avoiding

spurious activation with the constitutively expressed

PTGS1. Under physiological conditions, synthesis of

PTGS1 or PTGS2 allows indefinite production of prosta-

noids as long as synthesis continues and substrate levels

remain above the threshold. We have shown through

mathematical modeling how the PTGS1 and PTGS2

enzymes are adapted to their physiological roles as rapidly

responding constitutive or inducible enzymes that avoid

potentially damaging consequences by incorporating a

switching threshold to avoid triggering by signal noise.
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